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Abstract. This paper discusses the possibility of the transfer of electronic
Aharonov-Bohm phase factors to light in double-quantum-well structures in mag-
netic fields. The open nature of semiconductor guanturm wells permits a new type
of coherent light scattering by means of certain interband {ransitions which preserve
the positional indeterminacy of electronic states in Aharonov-Bohm superpositions.
The modes of the coherently scattered light are determined by the magnetic flux per
unit length between the wells, The calculation shows that the scattering mechanism
can be quite efficient and may be used as an optical probe of ballistic electrons whose
wavefunctions do not suffer a reduction while traversing the wells.

1. Introduction

Several years ago the Aharonov-Bohm effect was demonstrated in the conductivity
of a double-quantum-well structure (Datta et al 1985). The open nature of such
structures offers the possibility of a new type of light scattering from electrons which
are in Aharonov-Bohm superpositions of Landau orbits centred in different wells. In
this paper we demonstrate that if the final states of electrons after the scattering are
still some Aharonov-Bohm superpositions of Landau orbits, then the scattered light is
coherent and its modes are determined by the magnetic flux per unit length between
the quantum wells. ,
Traditionally, the Aharonov-Bohm effect has been associated with isolated paths
for electrons. What is meant by the phrase ‘isolated paths’ here is that the wave-
functions corresponding to different paths do not have any finite overlap. Indeed, in
their original paper, Aharonov and Bohm (1959) presented a thought experiment in
which electronic paths were completely isolated, yet they led to quantum interferences
which illustrated in a striking fashion the special significance of potentials compared
with forces in the quantum theory. However, such completely isolated paths are not
necessary for the Aharonov—Bohm effect, There will be Aharonov-Bohm interferences
as long as there are two alternative paths for an electron which is in a superposition of
the states corresponding to these paths, and if these states accumulate different phases
along their respective paths. There is, in principle, no restriction on the widths of the
wavefunctions which appear in a superposition state, and there may or may not be a
finite overlap between the two wavefunctions corresponding to the alternative paths.
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A semiconductor microstructure like the one used by Datta et al provides an example
in which electronic paths are not isolaied. In these structures a Landau state wave-
function centred in one well will have a tail in the neighbouring well for sufficiently
narrow wells and for appropriate energies. Such a leakage of wavefunctions permits,
under the right conditions, optical transitions of electrons from one well to another,
thereby leading to the transfer of Aharonov-Bohm phases from electrons to optical
fields.

N>

e

Figure 1. The double-guantum-well geometry for the Aharonov-Bohm effect. The
slabs represent the quantum wells. The crystal in which these wells are embedded
and the contacts through which electrons are injected and extracted are not shown.

If one chooses the Landau gauge for the geometry of figure 1
A, = 9B,z B =V xA=B,# (1.1)
where B, is the magnetic field, an arbitrary Landau state may be designated as
|bnk k), where b labels the band, n = 0,1,2... is the Landau index for the oscillator
states, and (k,, k ) = k is the electronic wavevector. To designate the quantum-well-

centred Landau states, one can reduce the electronic wavevector as follows (Elgi and
Depatie 1990):

k=K +jwk,, (1.20)

where w = 41 and

2y + Lf2 ch ' '
Km r_-‘*(-‘“o—?r—‘/'—) - IB= E. T - (1.26)
B 0

L is the width of a well, and 22y + L is the separation between the centres of the wells.
If |[K,| < (Lf 21%), the quantum-well-centred states are associated with w and may
be designated as |bnwK). w = +1 represents a Landau state which is centred in the
well located at z = zy + L/2 (see figure 2). w = —1 represents a Landau state which
is centred in the well located at z = —(z; + L/2). We should emphasize that it is
the centre of a cyclotron orbit which is confined to a well, not the entire orbit. Thus
the presence of the quantum wells introduces an effective quantum number w = 1.
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Figure 2. Interband transitions of the gquantum-well-centred Landau states for
coherent light scattering.

The Aharonov-Bohm superposition states correspond to superpositions of degenerate
Landau states which have different w.

If the longitudinal (]| £) voltage drop across the structure in figure 1 is zero or
negligible, then a ballistic net current along the y-axis is obtained only if electrons
are injected into the wells in Aharonov-Bohm superposition states (Elgi and Depatie
1990). Let us consider two conduction band Landau states |en+) and |en'—) which
are degenerate in energy. For simplicity we suppressed the electronic wavevectors. An
example for an Aharonov-Bohm superposition state is

|6AB(8)) = \/ii (®len'=) + en+) (1.3)

Thus the position of the electron is indeterminate with respect to the wells. If an
electron in the state [¢*B) is coupled to an incident coherent light beam, both com-
ponents of the superposition state undergo transitions unless the electron suffers a
wavefunction reduction. If such a reduction does not occur so that optical transitions
preserve the positional indeterminacy, that is, if the final electronic state is still an
Aharonov-Bohm superposition state, then the incident light is coherently scattered
into certain modes which are determined by K,_,. By coherent scattering we mean
that if the incident field is a plane wave of a certain polarization, then the scattered
field is also a plane wave of a definite polarization. In section 2 we show that for an
incident beam propagating along the # direction, the coherently generated modes have
the transverse wavevector components

g, = £2K,.9. (1.4)

These components essentially determine the propagation directions of the scattered
waves.

If the components of |#*EB) undergo the following virtual interband transitions,
the positional indeterminacy is preserved and the final state is an Aharonov-Bohm
superposition state. Consider the sets of transitions illustrated in figure 2, where
|tn’*+) and |vn"'—) are two degenerate Landau states in a valence band. In the set
of transitions labelled I, the first comnponent of |¢AF}, namely |en’-) is changed into
Jun’+} by a virtual transition in which a photon of wavevector g, is emitted; then
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a second virtual transition changes |vn”+4) into |en+4) by absorption of an incident
photon ¢;. Thus, these two virtual transitions create a counterclockwise circulation
around the magnetic field and in the following section we show that the scattered
photon has q,;, = —2K_ ¥ In the set of transitions labelled II, the second component
len+} of |¢*E} is changed into |vn™—) by the emission of a photon; then |vn*'—} is
changed into |en’—) by the absorption of an incident photon. This second set of vir-
tual transitions creates a clockwise circulation around the magnetic field lines and the
outgoing photon has q,, = 2K, §J. When an electron undergoes the four virtual tran-
sitions shown in figure 2 through its component states in (1.3), the final state is again
an Aharonov-Bohm superposition state which can be written as exp(i6')|v*B(8")).
Note that the non-isolation of the quantum wells is essential for inducing the overall
transition |YAB(8)) — el [yAB(8")). If the wells are completely isolated, transitions
like |en’—) — |vn"+) cannot take place. Note also that although the electron un-
dergoes four interband transitions, the overall scattering process is second-order, not
fourth-order. The whole process described above may be visualized as the coherent
superposition of two distinct Compton scatterings.

One can understand the imparting of the transverse momenta of (1.4) to scattered
photons qualitatively from the following classical picture. The onset of the charge
circulations around the magnetic field lines associated with the virtnal transitions
develops EMF forces, mostly along the y-axis. When an electric field along the y-axis
acts upon a Landau state in the geometry of figure 1, it induces a net probability
current along the z-axis (El¢i and Depatie 1990). Thus, incident photons cause the
electronic charge in the superposition state to act effectively as an oscillating dipole
which is nearly parallel to the z-axis and which emits photons propagating along the 3
axis. Note that if an electron is described by a density matrix p*B, then equation (1.3)
implies that p*B has off-diagonal matrix elements with respect to the well index w.
This is analogous to the dipole moment of an atom which can couple to a radiation
field (Sargent et al 1974). The off-diagonal elements of p*P may also be interpreted as
a dipole moment. It should be noted, however, that the states involved in the atomic
polarization generally have different energies. In contrast, in p*B the states have the
same energy.

If the Abaronov-Bohm superposition state suffers a reduction, or the electron is
in a state which is centred in one well to begin with, then the calculation of the fol-
lowing section reduces to the ordinary light scattering, in that one part of the incident
coherent beam is reflected back and the remaining part propagates forward. On the
other hand, if the electron is in an Aharonov-Bohm superposition state initially, it can
undergo the transitions I and IT together without suffering any reduction, as described
in the preceding paragraph. After the four transitions shown in figure 2, one has essen-
tially j*B(0)) — exp(i6')|*B(8")) and the electron remains in an Aharonov-Bohm
superposition state. Its position with respect to the wells is still indeterminate in the
final state,

This positional indeterminacy of the final electronic states forces the states of the
scattered field to be coherent. The overall transition [$AB(8)) — exp(if')|yAB(68"))
cannot take place if the states of the scattered field are number states. This can be
seen from the following thought experiment (El¢i 1989). Let us imagine that two light
detectors are placed on the left and the right of the microstructure, on the y-axis. Let
us also imagine that the ballistic current is sufficiently reduced so that at any moment
there is at most one ballistic electron in the structure. One can therefore, in principle,
associate the scattered photons detected within a time interval with a given ballistic
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electron. I the scattered light is in a definite number state, one can deduce the position
of the electron. For example, if just one photon is detected by the left detector, while
the right detector indicates zero photons, then the electron must have been initially
in the well labelled by w = —1, and it must have gone to the well labelled by w = +1,
since the transverse momentum imparted to the photon is —2K % and the electron
must have undergone the set of transitions I without undergoing the transitions II.
In other words, the original Aharonov-Bohm superposition wavefunction must have
collapsed into a single quantum-well-centred Landau wavefunction. Similarly, a photon
at the right detector implies that the final position of the electron is in the well w = —1.
It follows that the state exp(if’}}¢4B(8")) cannot be associated with definite number
states for the scattered light. Rather, the observed numbers of the scattered photons to
the left and the right must be indefinite, but the phases associated with the scattering
modes must be definite, in order to prevent destructive interferences between the two
plane waves originating from the same electron, one going to the left, the other to
the right. Thus the light scattering from electrons which remain in Aharonov-Bohm
superposition states must be coherent. The calculation presented in the following
section and in the appendices confirms this qualitative picture.

In the transitions of figure 2, the intermediate valence band states luvn"+) and
|yn'”=} are centred in the quantum wells. There are also valence band Landau states
which are not centred in any of the wells and one might wonder whether they would
contribute to the coherent scattering. In fact, they do not. The theory indicates that
as long as |en+) and |en'—} are quantum well centred states, the intermediate states
must also be centred in the quantum wells in order to scatter the incident photons
coherently. We should also add that the intermediate Landau states need not be in the
valence band, but could be in a conduction band ¢’ which is higher than ¢. The order
of absorptions and emissions are interchanged in this case, but the essentia] physical
picture remains unchanged.

Note also that with the completion of the four virtual transitions the original
superposition state is nearly recovered except for a relative phase change. Since the
relative phase can be related to the current densities at the boundaries, the effect of
the above radiative transitions is essentially to induce in the environment an adiabatic
transformation of the kind in Berry’s theory (Berry 1984).

In section 2, we describe the Hamiltonian and its representation in terms of the
Landau states in the presence of the quantum well potential and a pair of applied
PC electric fields. This Hamiltonian is used to calculate the density matrix operator
to second order in the optical field amplitudes, assuming that the coupling between
the incident field and the crystal structure is turned on at ¢ = 0. The second-order
density matrix for large { is used to determine the expectation value of the coherently
generated scattering modes from electrons which are in Aharonov-Bohm superposi-
tion states. The details of the calculation are summarized in appendices A and B.
We also discuss the mode equations and the efficiency of the scattering mechanism
for the geometry of figure 1, where the incident field propagates parallel to the z-axis
and the Hall field along the z-axis is negligible. The magnetic flux induced coherent
scattering is enhanced under certain resonance conditions which relate the incident
field frequency to the magnetic field, the spatial separation of the wells, and to the
energy separation between the bands involved in the virtual transitions. The theory
indicates that the proposed scattering mechanism can be quite efficient and can be ob-
served experimentally in structures similar to the one in the original Aharonov-Bohm
experiment (Datta et af 1985). The analysis of section 2 is carried out for a symmetric
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double-quantum-well structure, which simplifies the calculation and its results. The
proposed coherent light scattering is, however, independent of such symmetry. By
means of a simple substitution, the formnlas are readily modified for the case in which
the widths of the two wells differ. This is discussed in section 3.

In addition to its novelty, the proposed magnetic-flux-induced coherent light scat-
tering might have useful applications in steering of laser beams magnetically, or to
semiconductor lasers for selecting the lasing modes. We believe, however, that its
most interesting application would be as an optical probe of the reduction or non-
reduction of the electronic superposition states. The amplitudes of the coherently
generated scattering modes measure directly the number of ballistic electrons whose
positions are indeterminate and whose wavefunctions have not suffered any reduction
as a result of the light scattering. The efficiency of the scattering process suggesis
that such an optical probe would be more sensitive than a conductivity experiment.

2. Coherent light scattering

In this section we describe the Hamiltonian used in the second-order scattering cal-
culation and give the results for the coherently scattered field. The details of the
calculation are summarized in appendices A and B.

Since our discussion is concerned with ballistic electrons, we may write the one-
electron Hamiltonian in terms of the projection operators for the electronic states:

H=Hy+ H, (2.1a)
Ho=Y_ E,lo)al+ ) hw,blb, (2.15)
« p
Hy =) [hghaladelb, + H| (2.1¢)
o’ |
ie orh \? . . ., D
Yaat = T (m) fd:.-: P, (x) explig, r ), - 6—z¢“'(z)' (2.1d)

In (2.18), the e} represent the Landau states in the quantum-well structure. We
assume that they are calculated in the effective mass approximation near the centre
of the Brillouin zone (BZ). We also assume that the bands of interest are isotropic,
which permits us to use the results of Elgi and Depatie (1990). Let £, and £, be
the DC electric fields in the structure. A Landau state wavefunction modlﬁed by the
potential of the wells, as well as by £, and £,, has the form (Elgi and Depatie 1990)

expi(K + wK,,§)- z]

Ty

¢bnwk (2 )‘i’bo(“’) (2.3)

¢’a(z) = 1'Llimu.’K'(:"-") -

where ¥4 is the Bloch function of the band b at the centre of the Bz. £, and L, are
the sample dimensions in the # and § directions. ¢y, (2) is approxlmately gwen
by

¢bﬂwK,(z) = (1 + idbnbzbw)un(zbw) + Zﬁ:n'un’(zbw) (24)
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where
Zpp = 2 — (wK + K, )123 + ¢£.7y (2.5a)
- AROR R
ek, eB,
—_— =] - 2- b
nb hw5¢ Wy, mzc ( 5 )

Here mj is the effective mass of the band b. o, represents the sign of the curvature of
the band at the centre of the BZ:

oy = sign (B, /dk? )=o) - (26)

Here u, (2) is the harmonic oscillator wavefunction:
= (Igv/72"nl) " exp(—22 /23 H,, | = 2.7
u,(2) = (Igv/72"nl) " " exp(~22/205)H,, ) (2.7

Here H, is the Hermite polynomial. 82, in (2.4) arises from the quantum well
potential. For sufficiently shallow wells and for the Landau states centred in these
wells, B2, is given approximately by (El¢i and Depatie 1990)

b = (L= 6 WD [hw, (n—n')] "t (2.8q)
] =Lf2
W2 = o,Wy, [f dz u,(2)u,(z) + / dz uﬂ(z)un,(z)]
Ljz — 00
+ oy (= 1) IW L, (AR K, Y, (3K, (2.85)

where W, is the height of the potential well for the band b. ¢, represents a
quantum-well-centred Landau state if [K, | < (L/21}). If |K, | > (L/21%), the Landau
state is centred outside the wells. In this case we assume that the reduction of &,
defined in (1.2a) is carried out by choosing the sign of w such that the resulting |K,|
is minimum. Then the label w in ¢, x  represents the nearest well to the centre of

the Landau orbit.

Returning to equations (2.1}, b, and bL are the annihilation and creation operators
for the photon mode p. €, and {, are the polarization and the propagation vectors
of this mode. V,; is the quantization volume. To simplify the problem, we assigned
a single index of refraction /., for the entire structure. H, represents the p- A
coupling. In the representation of %,,, x, the coupling coefficient g is given by [see
appendix A]

1/2
€ 27 .
gi‘ﬂw;b’ﬂ"w'(Kl K’) T — (—_) C“ - Pbbf

m \ €,V hw,
i
X §K+meyA;K'+w’Kmﬁ+quL Mbnw;b'ﬂ‘W‘(Kwalq#z) (2.9a)

where Py, is the interband momentum matrix element and

Mbﬂw;b'ﬂ'w'(Ky’K;l%) = dez exP(iqZRS)¢;nwa(Rz)¢b’n‘w'KL(Rz)' (2'96)
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We will be concerned with those magnetic fields and quantum wel} structures such
that (g,,)~! > g, L, z, for optical or longer wavelengths. One may therefore set g,
to zero in (2.95)., Furthermore, if one takes just the leading terms u,(z,) in the
expression for ¢,k in (2.4), one finds that

My i { Ky Ky 10) 2 exp(—A2/4)D, . (A) (2.10a)
where
— — I _ ! _E{éﬂ Jb _ U‘b!
A= (=0 Ky +Ip(K, - ) = 5 (m;wfc m;.wg,) (2.108)
and

S F U o St i
‘Dnn‘(x) = gn-pn’ ; (n _ A)'(n’ _ /\)'A’ DR (2106‘)

In (2.10c), the factorial of a negative integer in the denominator makes the summand
zero. For order of magnitude estimates, the approximation (2.10¢) is quite sufficient.
Finally, the wavefunction ¥,,, g is associated with the eigenenergy

£, R K?
By (K) = Egg + ch(wK,, + K”')(B_u) + 5, [h“’ac(n +3)+ g + EW,,,,].

(2.11)

Here Ey, is a constant which represents the separation of the band edge of & from the
reference zero energy. W, is the correction induced by the quantum well potential
in the Landau state energy. It may depend on (K, + wK,,}. Under the approximation
when equations (2.8) hold, 6W, . for the quantum-well-centred states is given by (Elgi
and Depatie 1990)

EW,,, s SWE . (2.12)

When the Landau state is not centred in the wells, §W),, ~ W),.

Two remarks are in order before we consider the scattered field. Firstly, the
electron-photon coupling represented by H, is a simplification. The full coupling
Hamiltonian is given by

e

2me?

1

T m

H==(p+4) A+ A (2.13)
where A and A4, are the vector potentials for the radiation and magnetic fields, re-
spectively. Since our discussion is concerned with radiative interband transitions, we
omitted in (2.1) the couplings which are of the form A? and A, - A. Secondly, ¢y,
in (2.4) and B, (K) in (2.11) were derived by Elgi and Depatie (1990) under the
assumptions that kg < 1, |8 /] < I, and z, + L/2 > I5. The last assumption was
made to simplify certain integrals. In the experiment that we propose in the present
paper, we actually consider cases in which z;,+ L/2 < I. This has some effect on the
actual numerical values of 85, and §W,,,. We expect, however, these values to be not
too different from (2.8) and (2.12) for the purpose of order-of-magnitude estimates.
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The Hamiltonian given in (2.1) may be used to calculate the density matrix oper-
ator of the electrons plus the field to second order in the incident field amplitude as
time becomes indefinitely large. This density matrix may then be used to calculate
the expectation value of the vector potential field, in particular the contribution of the
electrons which remain in Aharonov-Bohm superposition states to this expectation
value. We assume that a cohereni fieid mode is incident on the structure at t = 0 and
that the overall density matrix is separable at ¢ = 0:

p(0) = p°(0) ® p°(0) (2.14)
where p*(0) is the electronic part and p¥(0) is the field part. Let
(6,) = Tr (5,0°(0)) = 6, ; exp(id;)\/A; (2.15)

where ¢; is the phase of the incident coherent mode and 7, is the average number of
quanta in it. Also et

Tr (leM{e1p°(0)) = Pora(0)- (2.16)
As stated in the introduction, p%,.,, has off-diagonal mairix elements between de-
generate quantum-well-centred states with w = —w' for the electrons which are in

Aharonov-Bohm superposition states. We consider only the contribution of these
off-diagonal matrix elements in the scattering:

Pot = Phnmiint—w( K K') |K, 1, 1K) | < (L/203) E, . (K) = Ey._ (K').
(2.17)

This scattering calculation is summarized in appendix B. One finds that the coher-
ently generated scattering modes arising from p*® are the solutions of any one of the
following four sets of the equations:

q“i:K—-K"l'QWng'*‘QiJ. éal-qh:O

Tzwa; = Ebn‘—w(Kl) - Eb"n”w“(K’ - (w + w")Kmﬁ - q”-) (218&)
€. 72 e

210, = [0~ QuK,5 + 0+ K - K]

q, =K -K +2uwK, j-q, €9, =0

h"-f-’,, = Ebn‘—w(K') - E{:"n”w“ (K’ - (w + w”)I{mﬁ + q:‘_L) (218b)

€. w2 12
Z-q,, = :;:[_E'cz_-'z - (2wK,, 4+ K- K’ —‘Iu_)z]

q&;J. = K—K'-{—wafmﬁ‘*' q"J_: 633‘Q§3 :0

h(-:)s: = Eb"n”w“ (K + (w - T.U")I{mﬁ'i' q':'_!.) —_ Ebﬂw (K) (2.180)
€ u2 12
2.q, = :J;{-i"’cT”— — 2wk, g+ K - K’+q_‘_L)2]

q,,, =K -K'+2wK_j-aq;, €y, s, =0
hw,, = Ebnnuwn(K + (w - w”)Kmﬁ - q,-l) - Ebmu(K) (218d)
2
€

w 1z
Z.q,, = i[ﬁ% —(2wK, 5+ K- K' - Qs'J_)z]
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where s,,...,5, denote the modes. Any solutions of these equations are coherently
excited by the ballistic electrons which are in Aharonov—Bohm superposition states.
The second-order, coherently generated field is given by

we? N [ 27hi;
(401 = S

1/2
i 1 AR i
2 v ) z R’e{]pbnw;bn’-w(K: K)
m=c o0 ¥olWi Winnind ww KK

«[3 &, expli(g, -z ~w, l?+¢5)]
|z-q, |(hw, — hu, +16)
(31) 1 1
X M;nw;b”n"w”(Kle; - (w + w")Km - qt'y lf . qn)
x Mbn’—w;b”n"w"(K;: K; — (w + w")Km - qiyli' qi)

2 :.é‘: p[i(q‘J 'z w‘?t - ¢5)] - * n *
# hw n P N -\

(l ) l“ .ngl( E [ ﬁw’- + lé) 2 bb E; Lith
3

X M;nw;b”n”w” (Ky1 I{;' - (w +w”)1{m + Qiy|£ ‘ qﬂz)
% M;"ﬂ"w";bn‘—w(I{’ - (w + w”)f{ + Qiy» K;[f' qi)

y P Py

_ZELLexp[i(q,a-m w t+¢; )}

(A, — hw; + 16) * Byt Fomy

x M;‘"n"’w”;bn’—-w (Kg, + (TJ’J - ’I.U").Km + Giys K;,]f . q,a)
X Mbu ”w"'bnw(K -+ (w—w”)f{ + q"y,Kyl.f-q.-)

_Z exP[ (Qs r® - w t ¢s)1.
&3 |Z- q,il(hw,4+hw +i8)

X M;"n"w";bn'—w(Ky + (w - w")Km - q‘-y, K;‘ﬁ . q“)

P;'ul,E,- ° P;b”

x M;nw',b”n”w"(Ky!I{y + (w - W”)I{m - q,‘,ylf'Q;’)] } (219)

where N = Nf(L, L ) is the density of the ballistic electrons per unit area. It should
be kept in mind tha.t in (2.19), the sums over s,,..., s, are not independent sums but
depend on the indices w, w™, b”, ete. We indicated thxs by putting parenthesis around
s; under the summation signs.

When the incident light propagates in the £ direction, g;; = 0 and the solutions
s, and s, are indistinguishable. The same is true for s3 and s;. The modes pairwise
merge together. Let s;,8, — s and s4,5, — s'. The mode equations (2.18) may be
simplified further by assuming that K, = K, = 0 and |K, — K| € 2K,,. The first
assumption means that the particle current is along the y-axis. The second means
that the Landau states are centred near the midpoints of the wells. One then has

T = 2meﬁ és 0= 0

hws = Eﬂ";_w(K) - Eyrnuwrr(Kl - (w + w")Kmy“) (2,203)

o 172
fq, =% [‘c“’ 41{2]
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and

Gy = 2’!L’Kmﬁ E,f g,y = 0
hyr = By (K + (= 0")K ) = By (K) (2.208)

€ wzf 1/2
2-q,,=i[%—41{3,,] .

The corresponding expression for the scattered field can also be simplified. In
(2.19), the first and third group of terms have resonance denominators. If the incident
light frequency is adjusted to be near either w, or w,,, these terms will be much larger
than the second and fourth group of terms. We may therefore keep only those terms
with resonance denominators and obtain

ne N( 2whi,

@) .
( (2 t))coh - 20 Cooxfolws'

1/2
+ JAB 4
) E Re {]pbnw;bn"-—w (K! K )
Winn'n"ww KK’

fexp[(qs r— wt+¢)]
X [(z‘): lz q‘,[(?‘w, _hw,-{-lé) Pbb"f Pbb"

X M (Ky K (04 ) K -0
X Moo (K5 K = (04 ) )

&oexpli{q, -z —w it~ . .. .
- +" " .+ B I
2 2-q,/|(hw, — hw, +16) ° Pyliyé; s Pyny

x M;”n”w”;bn’—w(Ky + (w — w")Km, K;If' q,;)
X Mb”n”w”;bnw(Ky + (w - w”)Km! I{yli 'qi}] } (221)

Note that two types of polarizations may be associated with (2.20). One has the
polarization vector in the transverse plane, parallel to the magnetic field:

é=&. (2.22a)

The other has polarization vectors in the yz plane, perpendicular to the magnetic
field:

&, = —[sign(2-gq,)]Gcos, + [sign(F- g,)}Zsind, (2.228)
where
b, = tan"l( 2K ) (2.22¢)
\/ewwﬁ ~ 4clK2 ,

We now discuss the implications of (2.21) for the geometry of figure 1. To simplify
the following discussion, we assume that the longitudinal DC field £, is negligible. Of
course, many of the electrons injected into the structure do not have ballistic motions
but scatier and collect near the well edges, which may set up a Hall field contributing



1528 A Elgi and D Depatie

to £,. For the following discussion we assume that if necessary, an external DC electric
field along the z-axis is imposed on the system to compensate for the internal Hall
field. It should be noted that the application of a DC voltage across the boundaries
of the sample need not cancel the internal Hall field entirely, since the internal field
may have a spatial structure inside the sample under steady state conditions. For
the following discussion, we assume that this internal field variations produce only
small, negligible perturbations in Landau state energies, so that contributions of £,
in (2.4) and (2.11) are negligible. This assumption has no effect on the coherent
scattering mechapism but simplifies the algebra. We will also concern ourselves with
the electronic states which produce particle currents only along the y-axis and are
centred near the midpoints of the wells. We set | K| = |K’| ~ 0 and suppress K and
K" in the matrix elements in (2.21), as well as in the mode equations. We also assume
that 6W,,, is given by (2.12). Under these assumptions (2.17) requires that n = n' in
P bty We define

Pooybnew = 3 Pocan—w(K, K. (2.23)
KK

Let b and b be the conduction and valence bands, respectively, as in figure 2. In
this case only the s-modes of equation (2.20a) are generated coherently and we need
to take into account only the first group of terms in (2.21). Let 6, = +1 and o, = —1.
From (2.20a), the frequency of the coherently generated modes is given by

hw, = Eg + hw (n + ) + hw, (n" + 2) + W, + §W, .« (2.24)

where E; is the band gap between the conduction and valence bands. If welet w = =1,
we pick out the transitions indicated as I in figure 2. From (2.20a), the corresponding
modes have g, = —2K_ % If w = 41, then we pick out the transitions indicated as
IT in figure 2 and the corresponding modes have ¢, = 2K, . Let us define

A, = [A2? — ah?PK2 eS1P2 (2.25)
Since the amplitudes of the coherently generated modes are proportional to
|2 q,|"! = heeM2AZ? (2.26)

the scattering is resonantly enhanced if the magnitude of the magnetic field is adjusted
so that A is extremely small. If the Landau levels are sufficiently well separated, this
enhancement will pick out a definite value of n.

Note that the above adjustment can readily be made because the wavevector K,
can be large for relatively weak magnetic fields, yielding an energy which is comparable
to typical band gaps. For example, if By = 10 kG, ¢,, = 16, and zy = L = 60 A, then

2heK,, el /% = eBy(220 + L)ezH? = 1.5 eV, (2.27)

Equation {2.25) suggests that A can go to zero, causing an enhancement of infinite
magnitude. In fact this will not happen, since electronic states have finite lifetimes
and § in equation {2.21) should be replaced by an appropriate energy width 4. This
will replace A, by

A, = (A5 +772 (2.28)
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Finite times for electronic states does not contradict the ballistic motion hypothesis
per se, since the latier requires simply that L, S, where I, is the mean free path
for electrons. It should also be noted that there are actually two distinct decay times,
One is concerned with the off-diagonal density matrix elements like pAB. The other
is concerned with the diagonal density matrix elements. + should be related to the
latter.

Going back to the mode equations (2.20a), we have four propagation vectors:

9, = £§2K,, + zel2(he)71A,,. (2.29)

As A, — v, the z-component of g, is nearly zero and the two modes begin to merge.
Polarization vectors may be obtained from (2.22). Let us consider only the mode with
the plus z-component and the minus y-component (designating it by s = —+) and let
its polarization vector be

é_, = —(jcosd, + £sind,) §, =tan~! (\2/'?_}2" ) . (2.30)
adTrn

Againas A, — v, é_ + is nearly —2. Consider the matrix elements M in (2.21). For

w” = +1, we have
M;ﬂ— nn+(0 O]Z qs) en+; unn+(0, Olql) o~ M:n—;vn“+(0’ OIO)MCH_,_;U,‘”.‘_(O, 0]0)

= exp(_lB K,?, )Py (—21p K, ) D (0)

= 6nn" exp)(—I%Krzn)Dnn(ngKm)‘ (23}-)
The last two lines follow from (2.10). Thus within the validity of the approximations
here, one must set n = n” in (2.24). For w" = -1, we have, using the symmetry

properties of @y, %, given in appendix A (equations (A7a) and (A75))

en—: un"—(o 2K !z qa) ey m’;”—(o —2K IQ;)
M* - un"+(0 OIZ qs)Mcn+,un”+(U Olql) (232)

Therefore w” = +1 produce identical terms in (2.21). Using (2.31) and (2.32} in
(2.21), one finds that for the s = —+ mode

. 27k, Y27 9xe?Nh 2 2
A(z t)) -+( ooVo!wi) (m’ﬁﬁ )exp(_lBKm)

iﬁ.c?nB—;cn-i-c Pcv€: P
(hw_y — hw; + i)

x D, (2K, )Re {

x explilg_, @ —w_yt+ ¢,.)]}. (2.33)

For the purpose of comparison, it is convenient to take the absolute value of the ratio of
the complex amplitude of the scattered wave to the complex amplitude of the incident
wave. Defining this ratio as r_,, one finds

me? Nhexp(~{}3 K, ..
—+ mzc‘/—& [hw — hw. )2+72]1/ Ipcn-.cu-f-f Pcu i -Pcann(z'fB m)]

(2.34)
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r2 . compares the densities of the quanta in the two waves and therefore yields the
efficiency of the scattering mechanism into this s-mode.

in order to have a ﬁnit.e r_,, the orientation of the structure must be such that
the pmducts é_, - Pé - P, donot vanish. In the geometry of figure 1, if we assume

that P, is in the [111] dlrectlon

. . 2 2

lc—--}-'P:vfi'Pcvl = %lpcv] . (235)
Typically |P,,] corresponds to a large wavevector for the III-V semiconductor com-
pounds: |P, |/h ~ 10% em™!. As before let us assume that z, = L = 60 A,

By, =10 kG, and ¢, = 16. For m; = m] = 0.1 m, there is a single cyclotron
frequency: hw, = 10~3 eV for the above field strength. Assume that the energy width
v is comparable to the one tenth of the cyclotron energy: v ~ 10~ eV. The peak
values of »_ 4 are obtained when the resonance conditions

P o2 Bg + hw (2n + 1)+ 6W,, + 6W,, ~ eBye (22, + L) (2.36)

are met. Let the injected electrons be in the n = 0 level for the sake of simplicity.
This yields Dy = 1. Since the double-quantum-well structure is symmetric, it is
reasonable to set |52 o, | =1/ /2. For ordinary electrons, typical injection densities
into quantumn wells can be on the order of 10'2 cm~?%. Let us assume that ballistic
electrons which are in Aharonov—Bohm superposition states form an extremely small
fraction of such densities, say N ~ 5 x 10% cm~2. Under the resonance conditions
(2.36), one then finds that r_..220.1. This is a substantial value for r_, and indicates
that the proposed coherent scattering mechanism can be extremely efficient.

The intermediate band & in (2.21) may be a higher conduction band instead of a
valence band. The coherent scattering is then into the &'-modes in (2.20b) and (2.21).
In this case the order of absorptions and emissions are interchanged compared with the
previous cage. For example, the state |cn—} transits into |¢'n” =) by the absorption
of an w;-photon, where ¢’ designates the higher conduction band. |¢/n”-} transits
into jen+) by the emission of an w,,-photon. |en+) undergoes a similar sequence of
transitions. If we let o = o, = +1, the frequency of the coherently scattered modes
is given by

hws’ = Ec’D - EcO + h(wc’c - wcc)(n + }2') + 6Wc‘n - ‘SE'Vcn (2‘37)

where E,, E., designate the band edges. When w, is replaced by w,: in equa-
tions (2.25) and {2.29}, these equations also hold for the s’-modes. Furthermore, the
additional replacement of P,, by P, in (2.34) yields r,,. The resonance conditions
for the s'-modes become

hwi = Ec’ﬂ - ECO + h("“'c’c '_wcc)(n + %) + 6Wc'n - 6ch = CBD€;°”2(22’0 + L)
(2.38)

The factor pAP in the preceding field equations of the scattering modes indicates
that the proposed scatiering mechanism can be realized only through electrons which
are in Aharonov-Bohm superposition states. If one were to consider thermal electrons
or electrons whose orbits are cenfred just in one well with a density matrix operator
of the form p§, 410> One would find that radiative transitions are associated with
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electronic transitions within a given weil. There would be no effective charge circula-
tion around the magnetic field lines. The scattering described by (2.21) would reduce
to the usual light scattering involving interfaces. Namely, one part of the incident
light field would propagate forward in the original mode, while another part would
be reflected back. Therefore one can use the new coherent scattering mechanism as a
test of the existence and number of ballistic electrons which are in Aharonov-Bohm
superposition states. Such optical measurements would be more discriminating than
those involving conductivity.

In the discussior zbove, we ignored the effects of the DC field &,. For sufficiently
large £, (but still within the approximation that Eq. (2.4) holds), the matrix element
M defined in {2.96) has terms which are linearly dependent on £,. These are the
correction terms to (2.10e) and can be written as

M), (K Ky l) = i j dz expligz)
x [oyky(z — wib K, — B K,) = oz — W' IB K, ~ B K!)]

X u,(z = wipK,, = 15K Yu, (2 ~ 3K, ~I5K}). (2.39)
As K§’ Ky, g, — 0, M) can produce transitions which obey the selection rule
n = n'4+ 1 in addition to those obeying the main one, n = n’. This comes about from
the fact that the integrand in (2.39) is proportional to zu,u,,

We should note that a similar violation of the rule » = n' can arise from the 82 .-
corrections to the Landau wavefunction for sufficiently large quantum well potentials.
Both the selection rules and the rescnance conditions are modified if the field £, is
also allowed to be large.

3. Concluding remarks

In the preceding section we discussed the light scattering for a structure in which the
wells are of identical width. This symmetry simplifies the algebra and the results.
However, the proposed light scattering does not depend en this symmetry and the
formulas may easily be adapted to the case when the structure is not symmetric by
modifying the reduction of the electronic wavevector defined in (1.2a). When the
widths of the wells differ, one can define

k=K + 5K (3-1e)
1
K@®) = ifg (z0+ 3L4) (3.18)

where L, are the widths of the wells on the right and on the left of the origin,
respectively. Thus w = +1 may still be treated as a quantum number for the states
whose orbital centres lie in the wells. Substitution of wK_, by K$in (2.18a)-(2.184),
(2.19), (2.20a) and (2.208), and (2.21) yields the formulas for a non-symmetric double-
well structure.

The typical parametric values cited following (2.35) indicate that the new coher-
ent light scattering should be relatively easily observed experimentally in a double-
quantum-well structure similar to the one used by Datta et af (1985), but with nar-
rower wells and a closer distance between them. One can construct a series of such
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microstructures (identical in length and width) in order to increase the utilization of
the incident light. The coherently generated modes can come out in directions which
are nearly in the plane of the quantum wells; thus, they are easily distinguishable
from the incident field as well as from other scattering modes which may be present.
By varying the magnetic field strength, one can resonantly enhance certain mode fre-
quencies, as well as alter propagation directions. With suitably chosen high mobility
materials, one may improve on the values for N and v given above. The new co-
herent scattering mechanism can be quite efficient. We should note, however, that
our calculation in section 2 and in appendix B is a perturbative one, predicated on
the assumption that scattering amplitudes will be small compared with incident field
amplitudes. We expect this calculation to be invalid as r, increases to values which
are near 1. In that regime one should perform a non-perturbative, self-consistent
calculation.

The analysis of this paper is based on single particle excitations. A more rigor-
ous analysis would need to treat the problem in a many-body framework, specifically
taking into account electron-electron scatterings, which might have an effect on pAB.
However, the p*P that appears in the coherent light scattering calculations above also
appears in the part of the conductivity which displays the Aharonov-Bohm interfer-
ences. Since we have the empirical evidence from the experiment of Datta et af that
these interferences take place, electron—electron scatterings are not capable of reducing
2*B to zero. Any sample that exhibits the Aharonov~Bohm effect in its conductivity
will also exhibit the proposed magnetic-flux-induced coherent light scattering.
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Appendix A

To evaluate the coupling coefficient g from 4y, ,c, We note that the functions mul-
tiplying %2 are slowly varying compared with ;). This fact may be used to obtain

a simple expression for g. Consider the matrix element {a|exp(ig- z)pla’), where
a = (bnuwK), o' = (Vn'w'K'), and b # V':

(e expliq- 2)pla”y = f LZAZL_ exp(ig- z)exp[-I(K + wK,, §) - =]
Ty

of o d . -
X Ghmwk, ¥id (—mg) expli(K’ + W' K 5) * 2}y K;fbﬁo- (Al)

Let us set z = £ 4 R, where £ varies within a unit cell of volume £ and R designates
the unit cell position. The integral over the crystal may then be converted into an
integral over a reference cell and a sum over the unit cells:

j dz = ; j‘; de. (A2)



Coherent light scatlering in quentum wells 1533

¥ and ¢f, are periodic in R. Since the functions multiplying the Bloch functions
are slowly varying, we let them to be functions of just R. Equation {Al) becomes

(o expliq- 2)pler) = 7- r.: }:exp[—l(ff K'—q, +wK,§ - vw'K,j) R]
X [exr’(iq‘z Rz)qs:nwl(, (Rz )¢'b’n‘w‘ K (Rz }]
« [ devi@ (-ingg ) vl (43)

The integral over the unit cell gives the interband matrix element of the momentum
operator:

Pao= [ acvtro (-ingg )%*n(f) (Ad)

We substitute (A4) into (A3) and convert the sum back to an integral:

Q _ [ dR _ de
£.L, % - / L£.L, ~ / AR, (48)

The matrix element becomes

(alexP(lq x)P[Q) - K+wK..y,K'+w'Kmy+qJ. Pbb’Mbnw iintw! (I{ 'K! Iq,z) (A6)

where My, prnnyr is given by (2.95). When (A6) is multiplied with the appropriate
coefficients coming from the vector field, one obtains (2.9g).

In the evaluation of the transition matrix elements in Eq. (2.32), we exploited the
symmetry of the structure in Figs. 1 and 2. If the wells are identical, ¢, has the
symmetry

l'175{>r1,w=+1,}'1’,,=—2.K.'.., = ¢bn,w=—1,Ky:0 (ATG')

¢an,w=—1,K,=2K,,, = ¢bn,w=+1,f{,=o- (A78)

Appendix B
Let H,(t) represent H, in the interaction representation:
H;(t) = exp(iHt/h)H, exp(—iHt)

= E [hgﬁa, expli{ £, — E,» — hw,)t/h]le) (|,

ao'p

+ fiyﬂz,.- exp[—i( B, ~ Ep — hw, )t/h]jo’) (a]bL] (B1)
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The transverse vector potential field operator in the interaction representation is given
by

Ap(e,t) =) &, [A,(2) exp(—iw,t)b, + A (2) exp(iw,t)b},] (B2a)
N

where

1/2
2rhe? .
Aylx) = (‘*’.u Vox%o) exp(ig,, - z). (B2b)

In the interaction representation,the density matrix operator for one electron plus
the radiation fields is given, to second order in H,(2), by

pr(t) = p(0) + [R(2), p(0)] + 3IR(2), [R(t), p(O)]] (B3)

where
i t
0

= 3 [t (BB it e,

ooy
+ ot (BB - it (et
= Y [~RoaDla)(e'lb, + RE (1)’ N albl] (B4a)
xa'p
and
¢(z;t) = [exp(izt) — 1]/z. (B4b)

From (B3) one finds that, for N electrons, the expectation value of the transverse
vector potential field operator in the second order is given by

(A=, ) = AT ([[4,(z,1), RO, RE](0)- (85)

From (2.14)-(2.16) and (B3), one finds after some algebra that

(A2, )P =N > ¢Re {A#(m)exp(—iw“t)p;ﬁ [R{,‘,;Rg,r(b,) — R R¥5 (b))

prafy
- R RS+ RARE | (86)
As 1 becomes indefinitely large, the function ¢ can be written in the form:

E,-E, —h
ot T - AN NN ¥
C( n “’#'t) %E%(E¢—Ea.—hwu+ié)' (B7)
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Thus
—hgt .,
| o
R ‘m(E _E,, hw“+i6)
= P e ) Limng? S(E, ~E. —hu,) (B8)
B Ey— By —hey, Jaar Tl e ™ o v

The coherently scattered modes come from the delta function:

(A=, )2 =N Y &,Re {inhd, () exp(~iw,{)ss
pafy

X [0558(Eq — B, — b, XEyp(h:)" ~ Bay (b))
+ 9yg8(E, = By — hu, )(Ria (b) = RE (b))} (B9)

Here we used the fact that the incident light is a single coherent mode. When (B9) is
specialized to electrons in Aharonov-Bohm superpositions by using (2.17), one obtains

2k, \ /2
v

oo Vol

(4G, )3, = w¥ e (

x e fiexpli(a, = ~ 0,0 - (K, K
.t‘brm%:KK‘ VmI # " Y

exP(i@"i) s moi
Bt Kyt [(?W.u — huw; + i6) g”"wib"n”w”(K’ K )ﬂ'an'—w;b"n"W”
X (K', K”)E [Ebnw(K) - Eb"n"w” (K”) - ?‘zw‘u]
+ exp(—id;)

(hw T+ g + 16) gf:w;brrnrrwu (K, K”)gg:nrrwu;&n;_w (K”, K’)
b i

X 6[Ebnw(K) ~ Ebunnw::(K”) - fh’d”]

exp(ig; ;
(.Ew _ gw‘)_*_ 6) b"ﬂ”w" R - (K”, K’)g},unuwu;bnw(K”, K)

X 6[Eb”n"w" (K ) - Ebn'—w(K!) - hw;&]

exP(_l¢|) * $
- (hw + hw; -+ 16) g#"n”w";bn‘—w (Kﬁf K’)g;an;b“n"w”(K!Kr)
M i

X 5[E{>”n”w"(Kﬂ) = Ebn’-—w(K’) - hwp]} } (BIO)

Although the states |bnwK} and |bn' — wK'"’) are centred in the wells, we do not
impose a prieri such a condition on the intermediate states in (B10). K" may take
on arbitrary values in the sum in (B10). However, when (B10) is evaluated, the
coherent generation of scattered fields forces the intermediate siates to be centred in
the wells.
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Let us designate the terms of (B10) in the square brackets, together with the sums
over b'n"w' K", as

[exp(id;)T; + exp(—ig; )T, — exp(i¢;)T3 — exp(—ig;)T,].
From (2.9a) and (2.17) one finds
T = 27r_8261_f__—K'+2meﬁiun.—Qi.L Z
! hm2€oc Voi‘\/a;wi(hw;; - ﬁui + 16) B fph
X M;nw;b"n"w"(Ky!K;r - (w + w”)Km - q:'qu,uz)
X Mbn'—w;b"n“w"(K;r K; - (w + w")Km - ‘hylgt'z)
X 6[Ebn’—w(K') el Eb”n”w“(K’ - (’U.’ + w")Kmﬁ - q“_) el hwu] (Blla)

é.u * P;b”ei " Pbb"

27?6 g -
— — K 42w K YiQus +qis. . pr oo pt
= e o, Vo (R, + huw; + 16) Z €y * Pryné;* Pyuy

b"ﬂ"w“

X Mg (Eys Ky = (0 + 0" K + 03y 10u2)

X M;"n”w“;bn‘—w(K; —(w+w")K,, + gy K,lq;,)

% 8[ Byt (K') = Epngurygu (K’ — (w + w") K, + ¢;,) — hw,] (B11b)

Ty = el et G tis >

hm?e V. /0,05 (hw, — hw; + 16) ot

s Mty (0 = 0V Ko + 0y, K00

X My g Ky + (0 = ") K + @i K, l3,)

¢ 8By (K + (10— ) Ko 421) = By (K) = 0] (BILO)

& Pinés- Py

2
T, = 27e SK"'K‘+2WKM!}\3451J.+QLL ) Z
7T hm2e V@i (hw, + hw; +16) Lo

X M;‘"n"w”;bn’—w(I{y + (w - w”)j{m — iy K;I‘Ipz)
X M:nw;b“n"w”(f{w Ky + (w - w")Km - qiy[‘liz)
X 8[ By (K + (w — w") Ky — 1) — Eppu(K) = hw,). (Blld)

ép .Pb"(”bei ‘P;;u

Next we perform the integration over the radiation modes in {B10). For the T}-
term this integration has the form

Es P — £, / el -z —
;Mexp[l(qp x w#t)]leq,E,, (21‘_) dqysmexp[:(qy x —w, DT

(B12)

The same form is obtained for Ty, Ty and T} terms. There are three delta functions
in the integrand of (B12). Because of these delta functions, the integral is trivial and
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reduces to a sum over the modes which satisfy the delta functions. For the T; integral,
these modes represent the coberently generated modes and are the solutions of (2.18a).
For T;,T;, and T, integrations, the coherently generated modes are the solutions of
(2.185), (2.18¢}, and (2.18d), respectively. Using (Blla)-(B1ld) and (2.18¢)—(2.18d)
in (B10), one obtains the expression in (2.19).
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